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Abstract. We prove that for any partition ( Ai , . . . , \ d 2 ) of size id there 
exists k > 1 such that the tensor square of the irreducible representation 
of the symmetric group Skid with respect to the rectangular partition 
(kl, . . . , ki) contains the irreducible representation corresponding to the 
stretched partition (fcAi, . . . , k\ d i). We also prove a related approximate 
version of this statement in which the stretching factor k is effectively 
bounded in terms of d. This investigation is motivated by questions of 
geometric complexity theory. 

1. Introduction 

Kronecker coefficients are the multiplicities occurring in tensor prod- 
uct decompositions of irreducible representations of the symmetric groups. 
These coefficients play a crucial role in geometric complexity theory [MS01, 
MS08J, which is an approach to arithmetic versions of the famous P versus 
NP problem and related questions in computational complexity via geomet- 
ric representation theory. As pointed out in [BLMWQ9] (see Proposition Q] 
below), for implementing this approach, one needs to identify certain par- 
titions A h rf 2 id with the property that the Kronecker coefficient associated 
with A, □, □ vanishes, where □ := (£, . . . ,£) stands for the rectangle par- 
tition of length d. Computer experiments show that such A occur rarely. 
Our main result confirms this experimental finding. We prove that for any 
A h rf 2 id there exists a stretching factor k such that the Kronecker coeffi- 
cient of k\,k\U,kdi is nonzero. (Here, kX stands for the partition arising 
by multiplying all components of A by k.) We also prove a related approxi- 
mate version of this statement (Theorem [2]) that suggests that the stretching 
factor k may be chosen not too large. 

Our proof relies on a recently discovered connection between Kronecker 
coefficients and the spectra of composite quantum states |Kly04[ [CM06J. 
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Let pab be the density operator of a bipartite quantum system and let 
PA, PB denote the density operators corresponding to the systems A and 
B, respectively. It turns out that the set of possible triples of spectra 
(specpAB, specpA, specps) is obtained as the closure of the set of triples 
(A, 71, V) of normalized partitions A,/i,z^ with nonvanishing Kronecker coef- 
ficient, where we set A := 4rA. For proving the main theorem it is therefore 

sufficient to construct, for any prescribed spectrum A, a density matrix pab 
having this spectrum and such that the spectra of pa and pB are uniform 
distributions. 

In |Kly04| the set of possible triples of spectra {spec pab, specpA, spec pb) 
is interpreted as the moment polytope of a complex algebraic group variety, 
thus linking the problem to geometric invariant theory. We do not not use 
this connection in our paper. Instead we argue as in [CM06] using the esti- 
mation theorem of |KW01| . The exponential decrease rate in this estimation 
allows us to derive the bound on the stretching factor in Theorem (2) 

1.1. Connection to geometric complexity theory. The most impor- 
tant open problem of algebraic complexity theory is Valiant's Hypothe- 
sis [Val791 IVal82j , which is an arithmetic analogue of the famous P versus NP 
conjecture (see [BCS07] for background information). Valiant's Hypothesis 
can be easily stated in precise mathematical terms. 

Consider the determinant det^ = det[xjj]i<jj<d of a d by d matrix of 
variables Xij , and for m < d, the permanent of its mbyra submatrix defined 
as 

P^ r m • ^ ] ' ' ' x m,a(m)- 

ff£S m 

We chose homogenizing variable and view det^ and z d m per m 

as homogeneous functions C rf2 — > C of degree d. How large has d to be 
in relation to m such that there is a linear map A: C d ' 2 -)■ C d2 with the 
property that 

(*) z d - m V ei m = det d o A? 

It is known that such A exists for d = 0(m 2 2 m ). Valiant's Hypothesis states 
that (*) is impossible for d polynomially bounded in m. 

Mulmuley and Sohoni [MS01] suggested to study an orbit closure problem 
related to (*). Note that the group GL d 2 = GL d 2(C) acts on the space 
S d (C dxd )* of homogeneous polynomials of degree d in the variables by 
substitution. Instead of (*), we ask now whether 

(**) /- m per m EGL d2 -det d . 

Mulmuley and Sohoni [MS01] conjectured that (**) is impossible for d = 
m°( l \ which would imply Valiant's Hypothesis. 

Moreover, in [MS01j, I MS08| it was proposed to show that (**) is impossible 
for specific values m, d by exhibiting an irreducible representation of SL d 2 in 
the coordinate ring of the orbit closure of z d ~ m pev m , that does not occur in 
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the coordinate ring of GL d 2 • det^. We call such a representation of SL d 2 an 
obstruction for (**) for the values m, d. 

We can label the irreducible SL d 2 -representations by partitions A into at 
most d 2 — 1 parts: For A G N d such that Ai > ... > \ d 2^i > X d 2 = 
we shall denote by ^A(SL rf 2) the irreducible SL d 2 -representation obtained 
from the irreducible GL d 2 -representation Y\ with the highest weight A by 
restriction. 

If ^(SL^) is an obstruction for m, d, then we must have |A| = Yli M = £d 
for some £, see [BLMW09| Prop. 5.6.2]. We call the representation ^(SL^) 
a candidate for an obstruction iff ^(SL^) does not occur in C[GL d 2 • det^]. 

Proposition 1. Suppose that |A| = id and write □ = (£,...,£) with I 
occurring d times. Then ^(SL^) is a candidate for an obstruction iff the 
Kronecker coefficient associated with A, □, □ vanishes. 

Proof. This is an immediate consequence of [BLMW09, Prop. 4.4.1] and 
[BLMW091 Prop. 5.2.1]. □ 

We may thus interpret this paper's main result (Theorem [T]) by saying 
that candidates for obstructions are in a certain sense rare. 

2. Preliminaries 

2.1. Kronecker coefficients and its moment polytopes. A partition A 
of n € N is a monotonically decreasing sequence A = (Ai, A2, . . .) of natural 
numbers such that Aj = for all i but finitely many i. The length £(X) of A 
is defined as the number of its nonzero parts and its size as |A| := J^jAj. 
One writes A \-£ n to express that A is a partition of n with £(X) < d. Note 
that A := A/n = (Ai/n, A2/TI, . . .) defines a probability distribution on N. 

It is well known [FH91] that the complex irreducible representations of 
the symmetric group S n can be labeled by partitions A h n of n. We shall 
denote by 5?\ the irreducible representation of S n associated with A. The 
Kronecker coefficient g\av associated with three partitions A, fj,, v of n is 
defined as the dimension of the space of S n -invariants in the tensor product 
3"\ ® 5?^ <g) 5^ v . Note that g\^ v is invariant with respect to a permutation 
of the partitions. It is known that g\^^ v = vanishes if £{\) > 1(jj)£(v). 
Equivalently, g\ tfltP may also be defined as the multiplicity of 5?\ in the 
tensor product 5?^ ® S? v . 

The Kronecker coefficients also appear when studying representations of 
the general linear groups GL^ over C. We recall that rational irreducible GL^- 
modules are labeled by their highest weight, a monotonically decreasing list 
of d integers, cf. [FH9lj. We will only be concerned with highest weights 
consisting of nonnegative numbers, which are therefore of the form A \- d k 
for modules of degree k. We shall denote by Y\ the irreducible GL^-module 
with highest weight A. 

Suppose now that A \~did 2 k- When restricting with respect to the mor- 
phism GL dl x GL^ 2 — > GL dld2 , (a, (3) i-» a (8) (3, then the module Y\ splits as 
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follows: 

fJ,,V 

Even though being studied for more than fifty years, Kronecker coeffi- 
cients are only understood in some special cases. For instance, giving a 
combinatorial interpretation of the numbers g\u,v is a major open problem, 
cf. |Sta99t [StaOOj for more information. 

We are mainly interested in whether g\^ M vanishes or not. For studying 
this in an asymptotic way one may consider, for fixed d = (di, cfo, ^3) G N 3 
with di < d>2 < c?3 < d\d2, the set 

Kron(cf) := |^(Ai, A 2 ,A 3 ) | n G N, A» h di n, g\ u \ 2i \ 3 ^ oj. 

It turns out that Kron(ci) is a rational polytope in Q^i+^+c^ This follows 
from general principles from geometric invariant theory, namely Kron(ci) 
equals the moment polytope of the projective variety F^C^ 1 <S> C^ 2 <8> C^ 3 ) with 
respect to the standard action of the group GL^ 1 x GL^ x Gl_d 3 , cf. [Man97|, 
Fra02, Kly04j. For an elementary proof that Kron(d) is a polytope see 



[CHM07] 

2.2. Spectra of density operators. Let "H be a d-dimensional complex 
Hilbert space and denote by £(H) the space of linear operators mapping H 
into itself. For p G we write p > to denote that p is positive 
semidefinite. By the spectrum spec/) of p we will understand the vector 
(r\, . . . ,r^) of eigenvalues of p in decreasing order, that is, ri > • • • > r^. 
The set of density operators on Ti is defined as 

S{H) := {p G C(H) I p > 0, trp = 1}. 

Density operators are the mathematical formalism to describe the states 
of quantum objects. The spectrum of a density operator is a probability 
distribution on [d] := {1, . . . , d}. 

The state of a system composed of particles A and B is described by a 
density operator on a tensor product of two Hilbert spaces, pab £ C{%a ® 
%b)- The partial trace pa = ^b{pab) £ £(%a) of pab obtained by tracing 
over B then defines the state of particle A. We recall that the partial trace 
trg is the linear map trg : £(Ha <8> ~Hb) — > £(%a) uniquely characterized by 
the property tTs(pA ®Pb) = ^(pb) Pa for all pa £ C{%a) and ps £ £(%b). 

2.3. Admissible spectra and Kronecker coefficients. The quantum 
marginal problem asks for a description of the set of possible triples of spec- 
tra (specpABj specpAj spec/9^) for fixed dA = dim Ha and d B = dim%£. 
In [CM06t |Kly04[ ICHM07j it was shown that this set equals the closure of 



the moment polytope for Kronecker coefficients, so 

Kron(dA,d B ,dAdB) = j (specks, specpA, specp B ) \ pab G C(Ha ®Wb)\- 
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We remark that this result is related to Horn's problem that asks for the 
compatibility conditions of the spectra of Hermitian operators A, B, and A+ 
B on finite dimensional Hilbert spaces. In |Kly98 a similar characterization 
of these triples of spectra in terms of the Littlewood Richardson coefficients 
was given. The latter are the multiplicities occurring in tensor products 
of irreducible representations of the general linear groups. For Littlewood 
Richardson coefficients one can actually avoid the asymptotic description 
since the so called saturation conjecture is true [KT99] . 

2.4. Estimation theorem. We will need a consequence of the estimation 
theorem of [KWOlj. The group Sk x GL^ naturally acts on the tensor 
power (C d )® k . Schur-Weyl duality describes the isotypical decomposition 
of this module as 

(2) (c d )® k = &\ ® n- 

Xh d k 

We note that this is an orthogonal decomposition with respect to the stan- 
dard inner product on (C rf )® fc . Let P\ denote the orthogonal projection of 
(C d )® k onto S^x <g> fx- The estimation theorem |KW01| states that for any 
density operator p € C{C d ) with spectrum r we have 

(3) tr(P A p® k ) <{k + l)^- 1 )/ 2 exp ( - 1 1| A - r || 2 ) 

(sec [CM06J for a simple proof). This shows that the probability distribution 
A i — y tr(P\ p® k ) is concentrated around r with exponential decay in the 
distance ||A — r||i. 

3. Main results 

By a decreasing probability distribution r on [d 2 ] we understand r € M. d2 
such that r\ > ■ ■ ■ r d 2 > and ^ rj = 1. We denote by = (4, . . . , ^) the 
uniform probability distribution on [d]. 

Theorem 1. (1) For all decreasing probability distributions r on [d 2 ], the 
triple (r, u^jU^) is contained in Kron(d, d, d 2 ). 

(2) Let A h id be a partition into at most d 2 parts for £, d > 1 and let 
□ := (£,... ,1) denote the rectangular partition of id into d parts. Then 
there exists a stretching factor k > 1 such that gk\,ka,kCJ 7^ 0. 

This result shows that finding partitions A with #A,n,n = 0, as required 
for the purposes of geometric complexity theory, requires a careful search. 

The next result indicates that the stretching factor k may be chosen not 
too large. 

Theorem 2. Let A h^2 id and e > 0. Then there exists a stretching factor 
k = O(^log^) and there exist partitions A \~ d 2 kid and J?i,J?2 \~d kid of 
kid such that gk\,R 1 ,R 2 an d 

||A- JfeA||i < e|A| \\Ri - fen ||i < e\Ri\ fori = 1,2. 
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3.1. Proof of Theorem We know that Kron(d, d, d 2 ) is a rational poly- 
tope, i.e., denned by finitely many affine linear inequalities with rational 
coefficients. This easily implies that a rational point in Kron(d, d, d 2 ) actu- 
ally lies in Kron(d, d, d 2 ). Hence the second part of Theorem Q] follows from 
the first part. 

The first part of Theorem Q] follows from the spectral characterization of 
Kron(<i, d, d?) described in §2.31 and the following result. 

Proposition 2. For any decreasing probability distribution r on [d 2 ] there 
exists a density operator pab £ S{Ha ®Hb) with spectrum r such that 
^a(pab) = ^b(pab) = u d; where Ha^Hb ^ C d . 

The proof of Proposition [2] proceeds by different lemmas. It will be conve- 
nient to use the bra and ket notation of quantum mechanics. Suppose that 
Ha and Hb are ci-dimensional Hilbert spaces. We recall first the Schmidt 
decomposition: for any \tp) £ Ha® Mb, there exist orthonormal bases 
of Ha and {l^i)} of Hb as well as nonnegative real numbers «j, called 
Schmidt coefficients, such that = Yli a i\ u i) ® \ v i)- Indeed, the on are 
just the singular values of \ip) when we interpret it as a linear operator in 
C(H%H B ) ~U A ®H B . 

Lemma 3. Suppose that £ Ha <8> Hb has the Schmidt coefficients a, 
and consider p := \ip)(ip\ € C(Ha ®Hb)- Then tr B (p) € C(Ha), obtained 
by tracing over the B -spaces, has eigenvalues a 2 . 

Proof. We have \ip) = Y^i a i\ u i) ® \ v i) f° r some orthonormal bases 
and of Ha and Hb, respectively. This implies 

p = \i>){i>\ = ^2aiaj\ui)(uj \ ® \vi){vj\ 
i,j 

and tracing over the -B-spaces yields tr^(|-0)(-0|) = Yli a i\ u i)( u i\- ^ 

Let |0), . . . , \d — 1) denote the standard orthonormal basis of C d . We 
consider the discrete Weyl operators X, Z € C(C d ) from |CW05| defined by 

X\i) = \i + 1), Z\i)=u i \i), 

where u denotes a primitive dth. root of unity and the addition is modulo d. 
We note that X and Z are unitary matrices and X _1 ZX = loZ. 

We consider now two copies Ha and Hb of C d and define the "maximal 
entangled state" |V>oo) := 77^ J2e 01 Ha <8> Hb- By definition, |V>oo) has 
the Schmidt coefficients Hence the vectors 

|V>y) := (id®^')|^oo), 

obtained from |-0oo) by applying a tensor product of unitary matrices, have 
the Schmidt coefficients as well. 

Lemma 4. The vectors \ipij), for < i,j < d, form an orthonormal bases 
of Ha £3 Hb ■ 
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Proof. We have, for some dth. root of unity 6, 

(ipij^ki) = {TPoo\(id®Z-iX- i )(id®X k Z £ )\ip 00 ) 
= 0<V>oo|id®X fe -^-^oo) 
= ^ (mm | id <g> X k ^ Z e ~ j \m W) 

m,m' 

= - Y{m\X k -<Z e -i\m) = -txfX^Z^). 
a ^— ' a 

m 

It is easy to check that jj t^X^Z^) = 0i££^jork^i. □ 

Proof of Proposition Let be the given probability distribution assum- 
ing some bijection [d 2 ] ~ [d] 2 . According to Lemma HI the density operator 
PAB '■= ^2ij r ij\'>Pij){ 1 Pij\ nas the eigenvalues r^. Lemma [3] tells us that 
ti'sdV'ii)^^'!) has the eigenvalues 1/d, hence tTB{\fpij){^ij I) = u d- It fol- 
lows that tiB(pAB) = Urf. Analogously, we get tiA(pAB) = Ud- d 

3.2. Proof of Theorem [2J The proof is essentially the one of Theorem 2 
in [CM06J. Suppose that A \~ d 2 id. By Proposition [2] there is a density 
operator pab having the spectrum A such that tx a(pab) = u<i, ^b(pab) = 
Urf. Let Px denote the orthogonal projection of (T-iA)® k onto the sum of 
its isotypical components 5?^ (8> ^ satisfying ||/Z — u^Hi < e. Then P^ := 
Id — Px is the orthogonal projection of (HA)® k onto the sum of its isotypical 
components 5?^ ® "V^ satisfying ||p — u^Hi > e. The estimation theorem ([3]) 
implies that 

tT{P^{p A T k ) < {k + l) d {k + l) d{ - d - l ^ 2 e-^ e2 < (k + \) d ( d + 1 )/ 2 e ~¥\ 

since there at most (k + l) d partitions of k of length at most d. 

Let Py denote the orthogonal projection of onto the sum of its 

isotypical components 5? v ® V v satisfying \\u — u\\i < e, and let Pz denote 
the orthogonal projection of (Ha <8> Hs)® 1 * onto the sum of its isotypical 
components ® satisfying ||A — A||i < e. We set Py ■= Id — Py and 
P~2 := Id — Pz- Then we have, similarly as for Px, 

tr(P Y (p B f k ) < {k + l) d ^' 2 e-¥\ 
tr(Pz(pAB)® k ) < (k + lf^+^e-^ 2 . 

,4 , 

By choosing k = 0{-^ log -) we can achieve that 

tr{P^{p A r k )<\, tT(Py(p B f k )<± tr(P^(p AB f fc )<i. 

We put a := (pAB)® k m order to simplify notation and claim that 
(4) tr((P x ® Py)<jPz) > 0. 
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In order to see this, we decompose id = Px ® Py + P~x ® id + Px ® Py- 
From the definition of the partial trace we have 

tr(( J P T ®idV)=tr(P T (p A f fc )<i. 

Similarly, 

tr((P x ® Py)a) < tr((id ® P F )a) = tv(P y (p B f k ) < I. 

Hence tr((P x ® Py)cr) > ±. Using tr((P x <8> Py)oPg-) < tr(oP^) < |, we 
get 

tr((P x ® Py)dPz) = tr((P x ® Py)<r) - tr((P x ® Py)aP^) > 1 - I = 0, 

which proves Claim @. 

Claim implies that there exist partitions fi,u,A with normalizations 
e-close to Urf,u^,r, respectively, such that (P^ <g> P U )P\ ^ 0. Recalling the 
isotypical decomposition ([2]), we infer that 

Statement ([I]) implies that guv A 7^ and hence the assertion follows for 
Pi = fJ,, R2 = v. □ 
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We prove that for any partition (Ai, . . . , X^) of size id there exists k > 1 
such that the tensor square of the irreducible representation of the sym- 
metric group Sku with respect to the rectangular partition (k£, . . . , k£) con- 
tains the irreducible representation corresponding to the stretched partition 
(k\i, . . . , kXcp). We also prove a related approximate version of this state- 
ment in which the stretching factor k is effectively bounded in terms of d. 
We further discuss the consequences for geometric complexity theory which 
■ provided the motivation for this work. 
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versus NP problem and related questions in com putational complexity via 
geometric representation theory. As pointed out in Biirgisser et al. 20091 (see 
Section H]), for implementing this approach, one needs to identify certain 
partitions A h^a id with the property that a symmetric version of the Kro- 
necker coefficient associated with A, □, □ vanishes, where □ := (£,...,£) 
stands for the rectangle partition of length d. Computer experiments show 
that such A occur rarely. Our main result confirms this experimental finding. 
We prove that for any A id there exists a stretching factor k such that 
the Kronecker coefficient of kX, k\U, k\U is nonzero (Theorem [1]). Here, kX 
stands for the partition arising by multiplying all components of A by k. We 
also prove a related approximate version of this statement (Theorem [5]) that 
suggests that the stretching factor k may be chosen not too large. Similar 
results are shown to hold for the symmetric version of the Kronecker coeffi- 
cient and thus have a bearing on geometric complexity theory (see Lemma [3] 
and Section H]). 

Our proof relies on a recently discovered connection be tween Kronecker 
coefficients and the spect r a of c omposite quantum states (jKlyachkol . 12004 ; 



Christ andl and Mitchisonl . 120061 ). Let pab be the density operator of a bi- 



partite quantum system and let pa, Pb denote the density operators corre- 
sponding to the systems A and B, respectively. It turns out that the set of 
possible triples of spectra (specpAB, specp^, specps) is obtained as the closure 
of the set of triples (A, JI, V) of normalized partitions A, p, v with nonvanishing 
Kronecker coefficient, where we set A := 4r A. For proving the main theorem 

it is therefore sufficient to construct, for any prescribed spectrum A, a density 
matrix pab having this spectrum and such that the spectra of pA and ps are 
uniform distributions. 

The set of possible triple s of spectra (specp^B, specp^, specp#) is in- 
terpreted in (jKlyachkol . 120041 ) as the moment polytope of a complex alge- 
braic group variety, thus linking the problem to geometric invariant the- 
ory. We do not not use this conn e ction in our paper. Instead we ar- 
gu e as in I Christ and! and Mitchisonl (120061 ) using the estimation theorem 



of iKeyl and Wernerl (120011 ) . The exponential decrease rate in this estima- 
tion allows us to derive the bound on the stretching factor in Theorem [2J 
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2. Preliminaries 



2.1. Kronecker coefficients and its moment polytopes 

A partition A of n G N is a monotonically decreasing sequence A = 
(Ai, A2, . . .) of natural numbers such that \ = for all but finitely many i. 
The length £(X) of A is defined as the number of its nonzero parts and its 
size as |A| := J2i O ne writes A \~d n to express that A is a partition of n 
with £(X) < d. Note that A := \/n = (Ai/n, Xi/n, . . .) defines a probability 
distribution on N. 

It is well known ( Fulton and Harris! . 1991 ) that the complex irreducible 
representations of the symmetric group S n can be labeled by partitions A h n 
of n. We shall denote by the irreducible representation of S n associated 
with A. The Kronecker coefficient gx^v associated with three partitions 
A, [i, v of n is defined as the dimension of the space of S n -invariants in the 
tensor product ® =5^ ® S? v . Note that gx,^,v is invariant with respect 
to a permutation of the partitions. It is known that gx )f j,,u = vanishes if 
£(X) > £(/x)£(z/). Equivalently, gx,n,v may also be defined as the multiplicity 
of J^a in the tensor product =5^ <8> S^ v . If // = v we define the symmetric 
Kronecker coefficient sg^ as the multiplicity of in the symmetric square 
Sym 2 (^). We note that sg* < g x ,^- 

The Kronecker coefficients also appear when studying representations of 
the general linear groups GL^ over C. We recall that rational irreducible GL^- 
modules are lab eled by their highes t weig ht, a monotonically decreasing list 
of d integers, cf. iFulton and Harris! (119911 ). We will only be concerned with 
highest weights consisting of nonnegative numbers, which are therefore of the 
form A \~d k for modules of degree k. We shall denote by Y\ the irreducible 
GL^-module with highest weight A. 

Suppose now that A hd lC i 2 k. When restricting with respect to the mor- 
phism GL^ x Gl_d 2 — >■ GL^^, (a, (3) a <S> (3, then the module "V\ splits as 
follows: 

n= 9*,w%®%. (1) 

lj}- dl k,u\- d2 k 

Even though being studied for more than fifty years, Kronecker coef- 
ficients are only understood in some special cases. For instance, giving a 
co mbinator i al interpret ation of the numbers gx^v is a major open problem, 
cf . IStanlevI fll999l . l2000h for more information. 

We are mainly interested in whether g X:l x,u vanishes or not. For studying 
this in an asymptotic way one may consider, for fixed d = (di,d2,ds) e N 3 



3 



with d\ < di < d 3 < d\d2, the set 

Kron(rf) := j-(A,p, v) \ n G N, A h dl n,ph d2 n,v h d3 n g x ,^ v ^ o|. 



It turns out that Kron(<i) is a rational polytope in Q d ^+ d 2+ d 3_ This fol- 
lows from general principles from geometric invariant theory, namely Kron(<i) 
equals the moment polytope of the projective variety P(C dl ®C d2 (g> C d3 ) with 
respect to the standard action of t he group GL^ x GL d2 x GL^, cf. ( jManivell . 
19971 ; iFranzl . l2002t iKlvachkol. 120041) . Fo r an elementary proof that Kron(ci) is 



a polytope see I Christ andl et al.l (120071 ) 



2. 2. Spectra of density operators 

Let H, be a d- dimensional complex Hilbert space and denote by C(H) 
the space of linear operators mapping H into itself. For p G CifH) we write 
p > to denote that p is positive semidefmite. By the spectrum specp of p 
we will understand the vector (ri, . . . , r^) of eigenvalues of p in decreasing 
order, that is, r\ > • • • > r d . The set of density operators on % is defined as 

S(U) := {p G C{U) | p > 0,trp = 1}. 

Density operators are the mathematical formalism to describe the states 
of quantum objects. The spectrum of a density operator is a probability 
distribution on [d] := {1, . . . , d}. 

The state of a system composed of particles A and B is described by a 
density operator on a tensor product of two Hilbert spaces, pab G £("%a <8> 
"Hb). The partial trace pa = ^b{pab) £ £(Ha) of pab obtained by tracing 
over B then defines the state of particle A. We recall that the partial trace 
tiB is the linear map tr B : £("Ha ® Hb) — > £(Ha) uniquely characterized by 
the property tr(i?tr s (p^ s )) = tr(pAB-R ® Id) for all pab G CCHa^Hb) and 
i? G £(Ha). 

^.5. Admissible spectra and Kronecker coefficients 

The quantum marginal problem asks for a description of the set of pos- 
sible triples of spectra ( specif?, specie, specie) f o r fixed dA = d i ra'HA 



and dpi = dim^R. I n (I Christ andl and Mitchisonl . 120061 ; IKlvachkol . 12004 



Christandl et all 120071 ) it was shown that this set equals the closure of the 
moment polytope for Kronecker coefficients, so 

Kron(d A , d B ,d A d B ) = j (specp A B, specp A , specp B ) | p A B G C(T-i A ® "Hb)|- 
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We remark that this result is related to Horn's problem that asks for the com- 
patibility conditions of the spectra of Hermitian oper ators A, B, and A + B 
on finite dimensional Hilbert spaces. iKlyachkol (jl998[ ) gave a similar charac- 
terization of these triples of spectra in terms of the Littlewood-Richardson 
coefficients. The latter are the multiplicities occurring in tensor products 
of irreducible representations of the general linear groups. For Littlewood 
Richardson coefficients one can actually avoid the asymptotic descript ion 
since the so called saturation conjecture is true (IKnutson and Tad . If 9991 ) . 



2-4- Estimation theorem 

W e will need a consequence of the estimation theorem of lKeyl and Werner 
(120011 ) . The group x GL^ naturally acts on the tensor power (C d )® k . Schur- 



Weyl duality describes the isotypical decomposition of this module as 



(C 



Ah d fc 



(2) 



We note that this is an orthogonal decomposition with respect to the stan- 
dard inner product on (C d )® fc . Let Pa denote the orthogonal projec t ion o f 
(C d )® fc onto ® The estimation theorem (IKeyl and Werner! . l200ll ) 
states that for any density operator p G £(C d ) with spectrum r we have 



tr(P A p 0fe ) < (Jfe + l 



)^-i)/2 exp (_^||-_ r | 



1) 



(3) 



sec 



Christandl and MitchisonI ( 2006 ) for a simple proof). This shows that 
the probability distribution A 1— >• tr(P A p® fc ) is concentrated around r with 
exponential decay in the distance ||A — r||i. 



3. Main results 

By a decreasing probability distribution r on [d 2 ] we understand r £ M^ 2 
such that ri > • • • > r d 2 > and J2i r « = 1- We denote by u d = (~, . . . , i) 
the uniform probability distribution on [d]. 

Theorem 1. The following statements are true: 

(1) For all decreasing probability distributions r on [d 2 ], the triple (r, u^, u<z) 
is contained in Kron(<i 2 , d, d). 

(2) Let Ah id be a partition into at most d 2 parts for £, d > 1 and let 
□ := (£,...,£) denote the rectangular partition of id into d parts. Then 
there exists a stretching factor k > 1 such that gk\,ka,ka 7^ 0. 
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The next result indicates that the stretching factor k may be chosen not 
too large. 

Theorem 2. Let A h d 2 id and e > 0. Then there exists a stretching factor 
k = 0(4 log-) and th ere exist partitions A \- d 2 kid and Ri, R2 \~d kid of kid 
such that gk\,R 1 ,R 2 7^ and 

||A - jfeA||i < e|A|, \\Ri - ifcn||i < e\Ri\ fori = 1,2. 

Suppose that gx,^ 7^ 0. By stretching the partitions A, fi with two, we 
can guarantee that the corresponding symmetric Kronecker coefficients does 
not vanish either. 

Lemma 3. Let A,/i h n. If occurs in ® then 5^2\ occurs in 
Sym 2 ( t y 2 /i)- I n other words, g\^^ 7^ implies sg%* ^ 0. 

This lemma, when combined with Theorems [1] and shows that find- 
ing partitions A with sg^j = 0, as required for the purposes of geometric 
complexity theory (see below), requires a careful search. 



4. Connection to geometric complexity theory 



The most important pr o blem of algebraic complexity theory is Valiant's 
Hypothesis ( jValiantl . Il979l 119821 ). which is an arithmet ic analogue of the 
famous P versus NP conjecture (see iBurgisser et al.lll997l for background in- 
formation). Valiant's Hypothesis can be easily stated in precise mathematical 
terms. 

Consider the determinant det^ = det[a;y]i<i )3 -<d of a d by d matrix of 
variables xy, and for m < d, the permanent of its m by m submatrix defined 



as 



per r 



x 



m,a(m) • 



We choose homogenizing variable and view det^ and z d m per m 

as homogeneous functions C d2 — > C of degree d. How large has d to be in 
relation to m such that there is a linear map A : C d2 — > C d2 with the property 
that 

z d - m pei m = det d o A? (*) 

It is known that such A exists for d = 0(m 2 2 m ). Valiant's Hypothesis states 
that (*) is impossible for d polynomially bounded in m. 
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Mulmuley and Sohonil ( 120011 ) suggested to study an orbit closure prob- 
lem related to (*). Note that the group GL d 2 = GL d 2(C) acts on the space 
Sym d (C dxd )* of homogeneous polynomials of degree d in the variables Xij by 
substitution. Instead of (*), we ask now whether 



per m G GL d 2 • det 



a- 



Mulmuley and Sohonil ( 1200 ll ) conjectured that (**) is impossible for d poly- 
nomially bounde d in m, which would imply Valiant 's Hypothesis. 

Moreover, in ( Mulmuley and Sohoni . 200li 2008| ) it was proposed to show 
that (**) is impossible for specific values m, d by exhibiting an irreducible 
representation of SL^ in the coordinate ring of the orbit closure of z d ~ m per m , 
that does not occur in the coordinate ring C[GL d 2 • detj of GL d 2 • det^. We 
call such a representation of SL^2 an obstruction for (**) for the values m, d. 

We can label the irreducible SL^-representations by partitions A into at 
most d 2 — 1 parts: For A G N d2 such that Ai > . . . > A f ^2_ 1 > A^ = we shall 
denote by '^(SL^) the irreducible SL d 2-representation obtained from the 
irreducible GL^-representation ~f\ with the highest weight A by restriction. 
If ^(SL^) i s an obstruction for m, d, then we must have |A| = £V Aj = id 



for some £, see ( IBiirgisser et al.L 120091 . Prop. 5.6.2). We call the representa- 
tion ^A(SL d 2) a candidate for an obstruction iff ^(SL rf 2) does not occur in 
C[GL d 2 • detd]. The following proposition relates the search for obstructions 
to the symmetric Kronecker coefficient. 

Proposition 1. Suppose that |A| = id and write □ = (£,...,£) with £ 
occurring d times. Then ^(SL^) is a candidate for an obstruction iff the 
symmetric Kronecker coefficient sg^ vanishes. 

Proof. This is an imm ediate consequence of Prop. 4.4.1 and Prop. 5.2.1 in 
Biirgisser et~aD (120091 ). □ 



We may thus interpret this paper's main results by saying that candidates 
for obstructions are rare. 



5. Proofs 

5. 1 . Proof of Theorem [I] 

We know that Kron((i, d, d 2 ) is a rational polytope, i.e., defined by finitely 
many affine linear inequalities with rational coefficients. This easily implies 
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that a rational point in Kron(<i, d, d 2 ) actually lies in Kron(d, d, d 2 ). Hence 
the second part of Theorem [T] follows from the first part. 

The first part of Theorem [1] follows from the spectral characterization of 
Kron(<i, d, d 2 ) described in §2.31 and the following result. 

Proposition 2. For any decreasing probability distribution r on [d 2 ] there 
exists a density operator pab £ Sift a ® Hb) with spectrum r such that 
^a(pab) = ^b(pab) = u d , where H A — Ub - C d . 

The proof of Proposition [2] proceeds by different lemmas. It will be 
convenient to use the bra and ket notation of quantum mechanics. Sup- 
pose that %a and 'Kb are d- dimensional Hilbert spaces. We recall first the 
Schmidt decomposition: for any \ip) G Ha ® Hs, there exist orthonormal 
bases of %a and {]%)} of Hb as well as nonnegative real numbers Oj, 

called Schmidt coefficients, such that \ip) = J2i a i\ u i) ® \ v i)- Indeed, the aj 
are just the singular values of when we interpret it as a linear operator 
in C{H* A ft B ) ~Ha®Ub. 

Lemma 4. Suppose that e %a®H-b has the Schmidt coefficients oti and 
consider p := \^){^\ £ £>(ft-A <8>^b)- Then ti B (p) G £(ft.A), obtained by 
tracing over the B -spaces, has eigenvalues a 2 . 

Proof. We have \ip) = oii\ui) <g) \vi) for some orthonormal bases and 
{\vi)} of %a and 'Kb-, respectively. This implies 

p = = ^2®i a j\ u i)( u j \ ® \vi){vj\ 

and tracing over the 5-spaces yields tT B (\^)(i/;\) = ^2i a i\ u i)( u i\- ^ 

Let |0), . . . , \d — 1) denote the standard orthonormal basis of C d . We 
consider the discrete Weyl operators X, Z e C(C d ) defined by 

X\i) = \i + 1), Z\i)=u i \i), 

where u denotes a primitive <ith root of unity and the addition is modulo d 
(see for instance Christandl and Winter ( 2005h ). We note that X and Z are 



unitary matrices and X~ l ZX = uZ. 

We consider now two copies Ha and Hb of C d and define the "maximal 
entangled state" j^oo) := t^X^I-OK) °f ^-A ®Hb- By definition, |^ 00 ) has 
the Schmidt coefficients 4^. Hence the vectors 

iVii) := (id®X^)|^ 00 ), 
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obtained from |^ o) by applying a tensor product of unitary matrices, have 
the Schmidt coefficients ^ as well. 

Lemma 5. The vectors \ipij), for < i, j < d, form an orthonormal bases 
ofU A ®U B . 

Proof. We have, for some dth root of unity 6, 

= (^ 00 \(id®Z->X-%d®X k Z i ) |Voo) 
= e(il> o\id®X k - 4 Z i -1\ifo Q ) 

= - (mm|id ® X k ~' 1 i Z e ~ j \m'm') 

m,m' 

= - J2HX k -*Z e -J\m) = - d ti{X k - l Z f ~-i). 

m 

It is easy to check that \ tr^X^Z^) = if £ ^ j or k ^ i. □ 

Proof of Proposition Let be the given probability distribution assum- 
ing some bijection [d 2 ] ~ [d] 2 . According to Lemma |5l the density opera- 
tor pab '■= r ij\i J ij) (Vfy'l has the eigenvalues r^. Lemma 0] tells us that 
trs(|^jj)(^jj|) has the eigenvalues 1/d, hence tTB(\ipij)(ipij\) = u rf . It follows 
that tr b {pab) = u d . Analogously, we get ti A {pab) = u d . □ 

5.2. Proof of Theorem^ 

Th e proof is essentially the one of Theorem 2 in lChristandl and Mitchison 



( 120061 ) carried out in the special case at hand. Suppose that A h d 2 id. By 
Proposition [2] there is a density operator pab having the spectrum A such 
that tr a(pab) = u^, tr b(pab) = u^. Let Px denote the orthogonal projection 
of (Ha)®* onto the sum of its isotypical components <S> ^ satisfying 
II A* — u rf||i < e - Then P-% := Id — P x is the orthogonal projection of ('Ha)^ 
onto the sum of its isotypical components ® satisfying ||/Z— U-d || i > e. 
The estimation theorem ([3]) implies that 

tr{P Y {p A f k ) < (k + l) d (k + l)^- 1 )/ 2 e -t e2 < (A; + l)^ +1 )/ 2 e-^ 2 , 

since there are at most (A; + l) d partitions of of length at most d. 

Let Py denote the orthogonal projection of ('H B )® k onto the sum of its 
isotypical components 5^ v ® X> satisfying I|z7 — u\U < e, and let Pz denote 
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the orthogonal projection of (%a <g> Tig)®* onto the sum of its isotypical 
components (g> % satisfying ||A — A||i < e. We set Pp- := Id — Py and 
:= Id — P^. Then we have, similarly as for Px, 

tr(P Y (p B f k ) < (k + ly^+D/ 2 e -f £2 , 
tr(P^(p AB )® fc ) < (fc + lf^+^e-^ 2 . 

By choosing k = log -) we can achieve that 

tr(PxW^)<^ tr(P F (p B n<i tr(P^(p AB f fc )<i. 

We put a := (pab)^ in order to simplify notation and claim that 

tr((P x <g> Py)aP z ) > 0. (4) 

In order to see this, we decompose id = Px <E> Py + Py ® id + Px <£> Py- From 
the definition of the partial trace we have 

tr((P x ®idV)=tr(P T (p A )^)<i. 

Similarly, 

tr((P x ® P F )a) < tr((id <g> Py» = tr(P Y (p B f k ) < ± 
Hence tr ((P x ® Py)cr) > |. Using tr( (P x ® P Y )crP I ) < tr(aP^) < |, we get 

tr((P x ® Py)<xPz) = tr((P x ® Py)cx) - tr((P x ® Py)aP^) > I - I = 0, 

which proves Claim (j4"l). 

Claim 01]) implies that there exist partitions p, v, A with normalizations 
e-close to u^, Ua,r, respectively, such that (P M <g> P u )Pa ^ 0. Recalling the 
isotypical decomposition (J2J), we infer that 

(^k ® r A ) n ® ^) ® ® %) ± 0. 

Statement (TjQ) implies that 7^ and hence the assertion follows for 

Pi = p, R2 = v. □ 
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5. 3. Proof of Lemma [3] 

We assume that A,/i h d n. The group GL d x GL d x GL d operates on 
<C d <S> C"' (g) C d by tensor product, which induces an action on the polyno- 
mial ring A on C d <S> C d <E> C d . Schur-Weyl duality implies that the sub- 
module A n of homogeneous p olynomials of degree n splits as follows (cf. 



Landsberg and Manivell . 12004 ): 



S 

We assume now that gx,^ = dim (=5^ <g> <g> 7^ for some A, // h rf n. 

Hence there exists a highest weight vector F e A„ of weight (A, A t, A*)- We 



may assume that the coefficients of F are real (cf. iBiirgisser et al.l . l201ll ). 

Consider the linear automorphism that exchanges the last two factors of 
C d £g> C d <E> C d . This induces an automorphism a of the algebra A. It is 
easy to see that F' := cr(F) is a highest weight vector of weight (A, fJL,fi). 
Therefore, both squares F 2 and {F') 2 are highest weight vectors of weight 
(2A, 2fi, 2/a). Since F 2 + (F') 2 is nonzero and invariant under a, we see that 
(^2A <8> ® -^2^) 5 ™ has a nonzero invariant with respect to a. Hence 

(^ 2 A®Sym 2 (^ 2M )) 5 " ^0, 
which means that sg^n 7^ 0- ^ 
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